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Abstract. In [7] the boundedness properties of Riesz Potentials, Bessel 
potentials and Fractional Derivatives were studied in detail on Gaussian 
Besov-Lipschitz spaces Bp g (7<j). In this paper we will continue our 
study proving the boundedness of those operators on Gaussian Triebel- 
Lizorkin spaces -F^ 9 (7d). Also these results can be extended to the 
case of Laguerre or Jacobi expansions and even further to the general 
framework of diffusions semigroups. 



1. Introduction and Preliminaries 

On let us consider the Gaussian measure 

-INI 2 

(1.1) ld {dx) = ^j^dx, x£R d 
and the Ornstein-Uhlenbeck differential operator 

(1.2) L = ~A x -(x,V x ). 

Let v = (ui, ...jffi) be a multi-index such that > 0, i = 1, ••• , d, let 

"i = nil M = Eti ^ d i = ik' for eadl 1 < * < <* and 0" = d\\..d v d \ 
consider the normalized Hermite polynomials of order v in d variables, 

1 d 

(1-3) K(x) = , /2 \{{-ire^d?{e-^), 

(2Hz,!) 1 / 2 f = \ 

it is well known, that the Hermite polynomials are eigenfunctions of the 
operator L, 

(1.4) Lh u (x) = - \v\ h u {x). 

Given a function / G L 1 ^) its ^-Fourier- Hermite coefficient is defined by 
fiy) =< f,h»> 7d = / f(x)h u (x)j d (dx). 

JR d 

Let C n be the closed subspace of L 2 (7d) generated by the linear combinations 
of {h u : \v\ = n}. By the orthogonality of the Hermite polynomials with 
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respect to jd it is easy to see that {C n } is an orthogonal decomposition of 

oo 
n=0 

this decomposition is called the Wiener chaos. 

Let J n be the orthogonal projection of £ 2 (7d) onto C n , then if / G L 2 (jd) 

Jnf = Yl /V)^- 
\v \=n 

Let us define the Ornstein-Uhlenbeck semigroup {Tt} t>0 as 

Ttf{x) = ~ — ' e f(vhd(dy) 



(1-e 



(L5) = ^Hl-e-^ l e '^ mdy 

The family {T t } t>0 is a strongly continuous Markov semigroup on L p (7d), 
1 < p < oo, with infinitesimal generator L. Also, by a change of variable we 
can write, 



(1.6) T t f(x)= / /(Vl-e-^u + e-'xhdidu). 



Now, by Bochner subordination formula, see Stein [12] , we define the 
Poisson-Hermite semigroup {Pt} t >o as 

1 f'°° e~ u 

(1.7) P t f(x) = -= / T t 2 /iu f{x)du 

V 71 Jo v u 

From (jl.5p we obtain, after the change of variable r = e - * 2 / 4 ", 



\y—rx\ 2 



1 /' f\ exp(t 2 /41ogr)exp^^j g. 

27T (d+l)/2 J Rd J 1 (_l ogr )3/2 (l_ r 2)d/2 r AW 



(1.8) = / p{t,x,y)f(y)dy, 
with 



, 1 f 1 exp(^ 2 /41ogr) ex P( T-^ ) dr 

(1.9) p^y) = ——— t - 



-\y—rx\ 2 



27T {d+i)/2 J Q (-logr) 3 / 2 (l-r 2 ) d / 2 r" 
Also by the change of variable s = t 2 /Au we have, 

1 /"OO — M /"OO 

(1.10) P t f( x )= —T t2/4u f(x)du= T s f(x)ri 1/2 \ds), 



where the measure 



(1/2)^ t e- i2 / 4s 



(i.ii) A ^>(ds) = ^^rds, 
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is called the one-side stable measure on (0, oo) of order 1/2. 

The family {Pt} t>0 is a strongly continuous semigroup on L p (7^), 1 < p < 
oo, with infinitesimal generator — (— L) 1//2 , furthermore {Pt} is an analytic 
semigroup in t. In what follows, often we are going to use the notation 

u(x,t) = P t f(x) and u M(x,t) = g^Ptf(x). 



Observe that by (II. 4p we have that 

(1.12) T t h u (x) = e- t ^K(x), 
and 

(1.13) P t K{x) = e-^h^x), 

i.e. the Hermite polynomials are eigenfunctions of T t and P t for any t > 0. 

The operators that we are going to consider in this paper are the following: 
• For (3 > 0, the Fractional Integral or Riesz potential of order j3, In, 
with respect to the Gaussian measure is defined formally as 

(1.14) Ip = (-L)^/ 2 U , 

where, LT / = / - / f{y)ld{dy), for / G L 2 (j d ). That means that 
for the Hermite polynomials {h u }, for \v\ > 0, 

(1.15) IpK(x) = , h v (x), 

and for v = = (0, ...,0), Ip(ho) = 0. Then by linearity, Ij can be 
defined to any polynomial. 

In this paper the following representation of Ij is crucial to get 
the results. If / is a polynomial, 
1 f°° 

(1.16) Ipf{x) = ^(Ptfix) ~ PooM) dt, 

where Poo/ 0*0 = fmd f (y)ld(dy) . The proof is very simple but we 
include it because we will refer to this calculation several times. By 
linearity it is enough to do it for the Hermite polynomials. Let 
\v\ > 0, otherwise the proof is trivial, then by orthogonality and the 
change of variable u = ty\u\, we have 



— ^ / ^(PtKix) - P^hvixfidt 

1 \P) JRd 



1 



t P-l e -W\v\ dth ^ 



r(/3) V 

1 (P) JR d \/\v\ J\v\ \v\ P/Z 
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Observation 1.1. P. A. Meyer's multiplier theorem shows that 1 3 
has a continuous extension to LPijd), 1 < p < oo, and then $1.16)) 
can be extended for f E L p (7^), by the density of the polynomials, 
see pp. 

• The Bessel Potential of order (3 > 0, Jn, associated to the Gaussian 
measure is defined formally as 

(1-17) Jp = (I+^L)-?, 

meaning that for the Hermite polynomials we have, 

Jph v (x) = 1 K{x). 

(l + vMr 

Again by linearity Jg can be extended to any polynomial. By similar 
calculation as above (|1.16p , the Bessel potentials can be represented 

1 f +oc dt 

(1.18) J f(x) = ^J t /3 e-*P t /(x) T , 

Observation 1.2. P. A. Meyer's theorem shows that Jp is a continuous 
operator on L p (7d), 1 < p < oo, and again ( fi.iffj) can be extended 
for f E L p (7d) ; by the density of the polynomials there. 

• The Riesz fractional derivate of order (3 > with respect to the 
Gaussian measure D@ , is defined formally as 

(1.19) D 13 = {-Lf/ 2 , 

meaning that for the Hermite polynomials, we have 

(1.20) D^h v (x) = \uf /2 K(x), 

thus by linearity can be extended to any polynomial, see [8] and 

Now, if / is a polynomial, by the linearity of the operators Ir and 
D?, (fLT5]) and (fL20|) . we get 

(1.21) IW = Ipitff) = D^Ipf). 

In the case of < /3 < 1 we have the following integral represen- 
tation, for / a polynomial, 
1 f°° 

(1.22) rfifix) = - / t-(*-\p t - I) f(x)dt, 

where eg = f °°u ~^ _1 (e~ u — l)du. 

Now, if (3 > 1, let A; be the smallest integer greater than j3 i.e. 
k — 1 < (3 < k, then the fractional derivative D@ can be represented 
as 

1 f 00 

(1.23) DP f = - t-P-\P t -I) k fdt, 

c p Jo 

where = u~ /3 ~ 1 (e~" — l) k du and / a polynomial, see [TT] . 
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• We also define a Bessel fractional derivative T>@, defined formally as 

which means that for the Hermite polynomials, we have 
(1.24) V^K(x) = (1 + vWM*), 



In the case of < /3 < 1 we have the following integral representa- 
tion, 



(1.25) 



1 f'°° 

V?f = - t-P-\e-*P t -T)fdt, 
C P Jo 



where, as before, cp = J °° u~P~ l (e~ u — \)du and / a polynomial. 

Moreover, if f3 > 1 let k be the smallest integer greater than (3 i.e. 
k — 1 < (3 < k, we have the following representation of T>@ f 



(1.26) 



1 



where ch = Jq 



3-1/' -u 



(e u — 1) du and / a polynomial, see |11| . 



The Gaussian Triebel-Lizorkin F® q (jd) spaces were introduced in [10], see 
also [9], as follows 

Definition 1.1. Let a > ; k be the smallest integer greater than a, and 
1 < P,Q < oo. T/ie Gaussian Triebel-Lizorkin space Fpgild) is the set of 
functions f G LP^d) for which 



(1.27) 



(t 



k—a 



d k pf 



dt k 



< OO. 



P:7d 



T/te norm of f £ Fp q (ld) is defined as 



(1.28) 



+ 



k—a 



d k pf 



dt k 



>4) 



1/9 



The definition of Fp^d) does not depend on which k > a is chosen and 
the resulting norms are equivalent, for the proof of this result and other 
properties of these spaces see [10] . 

For Gaussian Triebel-Lizorkin spaces we have the following inclusion re- 
sult, 

Proposition 1.1. The inclusion Fp ^^j) C ^| 2 (7d) holds for a\ > ct2 > 
and qi> q2- 



For the proof of this see [10], Proposition 2.2. 
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In what follows we will need Hardy's inequalities, so for completeness we 
will write then here, see |12j page 272, 

p+oo px p+oo 

(1.29) / ( / f(y)dy) p x- r " 1 dx < V - \ (y j \y)f 'y— 1 dy , 

J o Jo r Jo 

and 

p+oo poo p+oo 

(1-30) / ( / f(y)dy) p x r - 1 dx < V - \ (yfiyWy^dy, 

Jo Jx r Jo 

where / > 0, p > 1 and r > 0. 

Finally, in [6] Gaussian Lipchitz spaces Lip a {^d) were considered and the 
boundedness of Riesz Potentials, Bessel potentials and Fractional Deriva- 
tives on them and in [7] the boundedness of those operators were studied 
on Gaussian Besov-Lipschitz spaces BpJ n f ( j). In the next section we are 
going to study the boundedness properties of those operators for Gaussian 
Triebel-Lizorkin spaces FpJ'jd). As usual in what follows C represents a 
constant that is not necessarily the same in each occurrence. 



2. Main results and Proofs 



Theorem 2.1. Let a>0,/3>0, 1 < p < oo, 1 < q < oo then Ig is bounded 
from Fggfrd) into Fp^ild)- 



Proof. 

Let /c>a + /3 + lan integer fixed and / G Fp q {^d)- Using the integral 
representation of Riesz Potentials (jl.16)) . the semigroup property of {Pt} 
and the fact that Poof(x) is a constant, we get 

i p+oo 

PtW)(x) = rmJ o S^ 1 P t (P s f(x)-P OD f(x))ds 
1 p+oo 

(2.1) = W)L sP ~ l ^^ x )- p ^^ ds - 
Then using again that Poof{x) is a constant and the chain rule, 

f>k i p+oo ofc 

W ptW)^ = W )L s "- i w {Pt+sf{x) - p ™ f{x))ds 

i p+oo 

(2.2) = W)Jo s ^~ lu{k) ^ t + s ^ ds - 
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i) Case ft > 1: Using (|2.2p . the change of variable r = t + s, dr = ds 
and Hardy's inequality (|1.30p . we have 

+ °° ^-( a+0) f k Pt{Ipf){x) ^ q dty /q 

< j_( r +00 t i(k-(a + p))( r +o ° s ?-i\ u (k) {Xit+s) \ ds y^ 

r(p) 7o io * 

= _L( [ +C ° t i(k-(*+f3)) ( [ + °°( r -tf-i\uW(x,r)\dr) q -)« 

r(p) 7o ./* * 

< J_( /" + °° **(*-(«+«) ( /■ +0 °r^- 1 | U W( ! r J r)|dr) ff -)« 
and therefore 



/ t fc-(a+/3)| 



( P,7 

oo 



since / G F£ . By Observation 11.11 and the previous estimate, 



<<wik/. (r k -r-^\) q ~-y\\ P a<^ 



\\Ipf\\ F a+p < C\\f\\ Fff . 



ii) Case < ft < 1: Again using ([2I2j) ; 



< _L( / ^(*-(«4-/J))( / a 0| u (*)( M + a )|«i)*™)? 

MP) jo jo si 

( ' CaP-^vM (x,t + s)\ds) q dt)« 



-r(/3)7 



r+oo f+oo , 

+ ^_(/ t9(*-(a+«)-l( / /-V fc) M + s)l^) 9 ^)* 



r(/3)V 

= (/) + (^)- 

Writing s M = s « « ,- + ^- = 1, and using Holder's inequal- 



ity in the internal integral, 

p^" 



(/) < ( + °° tq (k-*)-P-i I* J-i\ u Wfa t + s)\*dsd£) Xlq . 
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By Pubini- Tonelli's theorem and using that q(k — a) — f3 — 1 > 0, 
as k > a + P + 1, we get 

/~i r+oo r+oo 

(I) < / t^ k - a ^- 1 \u^(x,t + sWdtds) 1/q 

P q JO Js 
P 9 J0 Js 

Then, by the change of variable r = t + s and Hardy's inequality 

(HMD , 

/"I /» + oo /" + oo 

(/) < -^U / a"" 1 / r^- a )^-V (fc) (^,r-)l 9 ^^) 1/,? 

P 9 7o V2s 
/~i r+oo r+oo 

P 9 J 

s |^(fV~> ( * , <^>l)T>' / *- 

On the other hand, Since /3 < 1 then i < s implies that s' 3 " 1 < i^" 1 
and by the change of variable r = t + s and Hardy's inequality (jl.30p . 
asfc>a + /3 + l>a + l, we obtain 



r+oo 
( / t^ k - 


-a-l)-l( p 


Jo 




r+oo 
( / 


-a-l)-l/ p 


Jo 


J2i 


1 ( 


r+oo 

/ (r k - a 
Jo 


k-a-l y 



Therefore, 



dt k \) t ) h>i 



^'" + "|- 7 1) 

k _ a .d k P r f., q dr,l 



-oo 



<^||(jf (r fc - a |^l) 9 -) ? IU7<^ 
as / G . By Observation 11.11 and the previous estimate, we get 

II Vll^ < cil/ll^ 9 - 

□ 

Next we want to study the boundedness properties of the Bessel potentials 
on Triebel-Lizorkin spaces. In [TO], Theorem 2.4, the following result was 
proved, for completeness the proof will be given here too. 

Theorem 2.2. Let a > 0, j3 > then for l<p<co,\<q<coJpis 
bounded from F* q (-y d ) into Fp^(^ d ). 
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Proof. 

Let k>a + (3 + la fixed integer and / E Fp, q {ld)- Observe that 




and therefore 



(^ +0 °(^ (a+/3) l^^(^/)(-)l) 9 y) 



1 /* + oo /*+oo 




./3| n W (X)t + s) |^)^)|. 



But this is the same term studied in the proof of Theorem 12. 1\ so the argu- 
ment (divided in two cases (3 > 1 and < (3 < 1) is totally analogous in this 



We will study next the boundedness of the Riesz fractional derivative 
on Triebel-Lizorkin spaces. 

Theorem 2.3. Let < /3 < a < 1, Let 1 < p, q < oo then D@ is bounded 
from F£ q (j d ) into Fp^(j d ). 



Proof. 

Let / E Fp ^d), using Hardy's inequality ([1.29P with p = 1, and the 
Fundamental Theorem of Calculus, 



case. 



□ 



(2.3) 




Thus, 




(2.4) 



< C fi \\f\\^ q <oo, 
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because i^ g (7d) C Fp\{pid) (a > (3 and q > 1). Now, by analogous argument 
using Hardy's inequality (|1.29p with p = 1, 

l s fl(C/)WI < -jf .-»"'I S WW - S fl/(»)l* 

r+oo rs 

< — / \u( 2 \x,t + r)\drds 
Cf3 Jo Jo 

< — - / r~P\v,( 2 '(x, t + r)\drds 

C/3P Jo 

This implies that 

r°° ft ri-t- ^ r°° r+oo 

J p-M\±Pt(Dpf){x)\yf < p-^jf r^|^(^i + r)|dr)' 



dt 

T 



Jo 

poo f'+OO 

(2.5) +Cp / (t 1 -^-^ r-P\u {2) (x,t + r)\dr) 

Jo Jt 

fl-i i i 

Writing s^ 1 1 = s <? 9 ) _-)-_ 7 . = i i an d using Holder's inequality in 

the internal integral, we have 

/'Cxi /*£ 

(/) < C p {l-l3) l - q / 4 (2-«)«-2+M r - / V 2) (z J t + r)|«drdt, 
Jo Jo 

then by Fubini-Tonelli's theorem, we get 

/"OO /'OO 

(/) < Cf)(l -P) l ~ q / r _/J / ^-"^-V^i + r^dr. 

io Jr 

It is easy to prove that (2 — a)q + (3 — 2 > — 1. We need to study two cases: 
Case #1: If (2 — a)q + (3 — 2 < 0: as r < t and by the change of variable 
w = t + r, we have 



CO < Cp{l-(3) l ~ q r (2-«)9-2 / | u (2)( X)t + r )|9 dtdr 

JO Jr 

/■CO /'OO 

< Cp{l-P) l - q r [(2-«)9-i]-i / (uW^wJI^rfr 

JO J2r 

/"OO /"OO 

< Cp{l-P) l - q r [(2-«)9-i]-i / | u ( 2 )(a;,u;)| 9 dwdr. 



o 



Then by Hardy's inequality (|1.30p as (2 — a)g — 1 > 

« £ c *-« H (dFii" ( " ! " >,2,( - )1 ^' 
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Case #2: If (2 — a)q + f3 — 2 > 0: By the change of variable w = t + r, we 
get 

poo roc 

(I) < C p {l-l3) 1 - q / r-P / (t + r)^- a ^- 2 \u (2) (x,t + r)\ q dtdr 



o 



Jo J2r 



oo roo 







< (^(l-jS) 1 - 9 / r - " / ^( 2 -^ +/3 - 2 |u( 2 )(x,u;)| 9 ^dr, 



and by Hardy's inequality (|1.30|) . 



Therefore, in both cases we have 



(I) < C/j / {w 2 - a \u^(x,w)\Y 
Jo 



To estimate (II) observe < t~@, for r > t and /3 > 0, then we use 
the same argument used before to estimate (/) case #1, doing the change 
of variable w = t + r, and using we get Hardy's inequality (|l,30p to get 

(//) < r (w 2 - a \u^(x,w)\y—. 

1 - a J w 



Finally, 



<C||(/ (t^-fl I ^ r -^ 2 \-,t + r)\drY^fl q \\ pn 



t 



10 JO 

(2.6) <G||(jf ( W 2 - a \uW(-,w)\) q ^-y /q \\ p ,,<oo, 



as / 6 Fpaild)- By the previous estimate and ([2 



□ 



In following theorem we will study the boundedness of the Bessel frac- 
tional derivative on Triebel-Lizorkin spaces, for the case < /3 < a < 1, 

Theorem 2.4. Let < /? < a < 1, 1 < p, q < oo then V 13 is bounded from 
F P, g hd) into Fp~\-f d ). 
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Proof. 

Let / G L p (7^), using the Fundamental Theorem of Calculus we can write, 



i r+oo 

\Wf{x)\ < - s-^ 1 \e- s P s f(x)-f(x)\ds 



C/3 Jo 

r+OO 

< - I 8-"- l e-\P a f(x)-f(x)\d8 + - I S "' 3 - 1 | e - s -l||/(x)|d S 



i r+oo i r- 

- / S - /3 - 1 e^|P s /(x)-/(x)| ( i S + - / 

-I r+oo rs n i r+oo rs 

< — s-P- 1 \—P r f(x)\drds + —\f{x)\ a'?- 1 e~ r drds. 

cp Jo Jo dr cp J J 

Now, using Hardy's inequality (|1.29p . with p = 1, in both integrals, we 
have 

-i r+oo rs Q -I r+oo rs 

pPf(x)\ < — s-l 3 - 1 \^-P r f( x )\drds + —\f{x)\ s-P- 1 e~ r drds 

cp Jo Jo dr cp J J 

1 f+°° f) dr \ 

s w,L ^v p ^>'vw (1 - ww| - 

Thus, 

\V?f(x)\<— / r 1 -P\uV(x,r)\- + — T{1- fl)\f(x)\. 
pep Jo r fjcp 

Therefore, if / G F£ q (~/ d ), we get 

1 >>+oo j 1 

ll^/IU < -5-11/ r 1 ^| U ( 1 )(.,r)|-|| p , 7 + — r(l-/3)||/|| p , 7 
pep Jo r pep 

(2.7) < CpWfWpp <C'p\\f\\ F% , 

since F* q (j d ) C i^ 1 (7d)> as a > /3, and g > 1. 

On the other hand, using a similar argument as above (the Fundamental 
Theorem of Calculus and Hardy's inequality (jl.29p with p = 1), we have, 

\-P t (V?f)(x)\ < s -P- l \e-°-P t+s f{x)--P t f{x)\ds 

1 P OO CI d 

< -/ s-P- l e- s \-P t+s f{x)--P t f{x)\ds 
cp Jo at dt 

1 r 00 

+ - / s-^le-'-lH^Pt/CxJIds 

C/3 Jo 
roo rs 

< — s' 13 - 1 / \u {2) {x,t + r)\drds 



C/3 Jo 



OO rs 



< 



+—\u^(x,t)\ I s^ 13 - 1 I e-' r drds, 
C/3 Jo Jo 

-J- r^\u { ~ 2) {x,t + r)\dr + ^ \u^\x,t)\. 

pep Jo pep 
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Therefore, 

\!Lp t (pPf{ x ))\<±- f°° r-?\uW(x, t + r)\dr + T{ \~ P) \vP\x, t)\, 

at pep J pep 

and then, we have 

ll(jf 00 (* 1 - (o -«l|p*(^/)l) ff 7) 1/9 IU7 



IP>7" 



+^r(i-^)||(jT(t 1 -(--«|ttW(. > t)|)^) 1 /« 

Since the exponential factor has been remove, the first term can be estimate 
as in the proof of Theorem 2.3, estimates (|2.5p and (|2.6|) . 

iK^^-^jTr^luWC-.t + rJIdr)'!) 1 / 9 ^ < C|| jf (^g^/l)^) 1 
which is finite as / 6 ^ g (7d), and for the second term, we have 

(t^VW)!)'-) 1 '!™ < cn/ii^ < qi/H^, 

as F p,q{ld) C Fp^ P {ld), thus, 

II (jf (t 1 -^!^^/)!) 9 ! ) 1/g lk, < 

Therefore, D^/ 6 fp^fa) and moreover, by previous estimate and (|2.7p 



ll^/ll^-, < C\\f\\ F * q . 

□ 

To study the general case for fractional derivatives (removing the con- 
dition that the indexes must be less than 1), we need to consider forward 
differences. For a given function /, the fc-th order forward difference of / 
starting at t with increment s is defined as, 

j=0 VJy 

We will need the following technical results 

Lemma 2.1. For any positive integer k 

i) A*(/, t) = A k s 'HA s (f, ■),*) = A s (A k s ~Hf, -),t) 

ii) A k (f,t) = / / ... / / f<V(y k )dv k dv k -i...dv2dvi 
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iii) For any positive integer k, 

(2-8) ^-(A k s (f,t)) = kA k -\f',t + s), 

and for any integer j > ; 

(2-9) w (A k s (f,t)) = A k s (f^,t). 

The proof of this known lemma can also be found in an appendix in [6j. 

Lemma 2.2. (Hardy's type innequality) Let f > 0, r > 0,p > 1 and k £ N 
then 

/.+oo px fX 

(/ (/.../ f(r 1 ,...,r k )dr 1 ...dr k )) p x- r - 1 dx) 1/p 
Jo Jo Jo 

pi pi p-\-oo 

< ... { (x k f(xv 1 ,...,xv k )fx- r - 1 dx) 1/p dv 1 ...dv k 
Jo Jo Jo 

Proof. Taking r\ = xvi, ...,r k = xv k , we get 

hoo ex rx 

f(r u ...,r k )dr 1 ...dr k )) p x- r - 1 dx) l/p 



o Jo Jo 

oo fl fl 



f(xv\,...,xv k )x k dvi...dv k )) p x r l dx) l ^ P 

io Jo Jo 

( I ( f f(xvi,...,xv k )x k dvi...dv k )) p x" r ~ 1 dx) l/l ' 
Jo J(o,i) k 



Now, consider the spaces .£^((0, +oo), x r 1 ) and L p ((0, l) fc ); then by Minkowski's 
inequality, 

( / f(xv i, xv k )x k dv\...dv k )) p x~ r ~ 1 dx) 
o J(o,i) k 



< 



Thus, 



r+oo 

( / (f(xvi, xv k )x k Y x~ r ~ l dx) p dv\...dv k 
(0,l) k Jo 

1 r-1 p+oo 

... j ( / [x k f{xv i, xffc)) p x _r_1 da;) dv\...dv k . 
o Jo Jo 



»+oo px px 

(/ (/•••/ f(n,...,r k )dr 1 ...dr k )) p x- r - 1 dx) 1/p 



/o ^0 ^0 
/*1 pi p-j-oo 

< ... ( (x k f(xv 1 ,...,xv k )) p x^ 1 dx) i/p dv 1 ...dv k 
Jo Jo Jo 



fct^l ...LLU k 

□ 
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Lemma 2.3. For any positive integer k, 

ft+s i-Vi+S fV k _ 1 +s 

A k s (f,t) = / ... / fW(v k )dv k ...dv 2 dv 1 



f {k) {t + v 1 + ... + v k )dv k ...dv l 



J 



Lemma 2.4. Let t > 0, (3 > and let k be the smallest integer greater than 
j3 and let f differentiable up to order k, then 

f+oo f+oo 

/ s-P- l \£, k s {f,t)\ds<C^ k / w^-^it + w^dw 
Jo Jo 

where Cp >k = ... j (v\ + ... + v k )^~ k dv\...dv k 
Jo Jo 

Proof. From Lemmas 12.21 and 12.31 we have, 

r*oc f+oo fs fs 

/ s-P-^if^lds < / s-P- 1 / ... / \fW(t + v 1 + ... + v k )\dv 1 ...dv k ds 
Jo Jo Jo Jo 

1 />1 f+oo 

( / (s k \f^(t + s(v 1 + ... + v k )\)s-^ 1 ds)dv 1 



< 



Jo Jo 

1 /•! /-+oo 



( / (s k -P- 1 \f( k \t + s(v 1 + ... + v k )\)ds)dv 1 .. 



10 JO JO 

taking r = s(v\ + ... + v k ) then dr = {v\ + ... + v k )ds, 

f + OO f + OO J 

/ s k -P- 1 \f( k \t + s(v 1 + ...+v k )\ds = / r fc -^|/( fc )(t + r)| — + ... + 
Jo Jo r 



+oo 



r k -P- 1 \f i - k \t + r)\dr{v l + ... + v k Y 



Therefore 

" + 0O 



f + OO 

/ s _/3_1 |A^(/, t)\ds 
Jo 



< /•••/(/ r k -^ 1 \f^{t + r)\dr{v l + ...+v k f- k )dv 1 ...dv k 
Jo Jo Jo 

= (/ r k -P- l \f k \t + r)\dr) ... / (v, + ... + v k )^ k dv 1 ...dv k 
Jo Jo Jo 

f + OO 

= C Afc ( / ^i/Wft + r)!*, 

JO 

where = / ... / (v i + ... + v k ) /3 ~ k dvi...dv k < oo. □ 
io 7o 
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Observation 2.1. Using the Binomial Theorem and the semigroup property 
of {Ps}, we have 

(p. - i) k m = e ( k )pt j (-n j m = E (*) (-iypt j m 

= E ( ■) (-i) j P(k- j)s m = E ( ■) (-i)M*> (* - j» 

(2.10) = A5(u(x,-),0), 

where as usual, u(x,s) = P s f(x) and furthermore, 

(2.11) P t (P s -I) k f(x) = A k s (u(x,-),t). 

The following result extends Theorem 2.3 to the general case < (3 < a, 



Theorem 2.5. Let < /3 < a, 1 < p, q < oo then D@ is bounded fi 



rom 



F«{ ld ) into F^{ ld ). 



Proof. Let / G Fp : q{ld), using Observation 12.11 and Lemma [2^1 

i r+oo 

\Dpf(x)\ < - / s-^KP.-rfmids 
cp Jo 



1 

C/3 Jo 



hex) 

a -^-i|Aj(u(x,.),0)|da 



then 



o 



P/j/IIp.7 < C Afc || / r fc -^|^(.,r)|-|| Pi7 <oo, 
jo r 

since P p Q 9 (7d) C F^ d ), (a > /3 and 1 < g < oo). 

On the other hand, let n £ N, n > a; by Observation 12. II and Lemma[2 
we get, 

an i /-+00 

|^P,(^/)(x)| < -/ s-^\A k s (n^(x,-),t)\ds 

O l C/3 JO 

i r+oo 

< / r fc -0-V n+fc) (z,i + r)|dr. 

C/3 ' Jo 

The rest of the proof follows the argument used in Theorem 2.3. We will 
write the details for the sake of completeness. 
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< Cp, k {\ (t n ~^ r k -^ l \u {n+k \x,t + r)\dr) q -) 1/q 

Jo Jo t 

< Cp tk ( [°° (t^-ft f r k -P- 1 \u( n+k \x,t + r)\dr) q -) 1/g 

Jo Jo t 

+C Ptk { / r k -P- 1 \ U ( n+k \x,t + r)\dr) q -) 1/q 

Jo Jt t 

< (n + m 

Writing s p = s q « ,- + ^- = 1, and using Holder's inequality in 
the internal integral and Fubini-Tonelli's theorem, 

(I) < {k ( ( t (n+k-°) H f>-k-i(J* | u (n+fc) (a;> f + r)]^-!^)^) 1 ^ 

|>0O /•+OO 

= C( / r k - p -\j t( n+fc - a ^- fc - 1 |« (n+fc) (^,t + r)| ? dt)dr) ] 



Now, it is easy to see that (n + k — a)q + /3 — k — I > — 1. Then we need 
to study two cases: 

Case# 1: If (n + k — a)q + /3 — k — 1 < then as u> < t and taking the 
change of variable v = r + t, 



(J) < {k-[5) 1 l q - l ( r ((n+k-a)q-l)-l {u^^X , v)\ q dv) dr) 

Jo J2r 

< {k-p) 1,q - 1 { f°° r ((n+k-a)q-l)-l f°° ^(n+k) ^ ^ ^ 
JO Jr 



Therefore, by Hardy's inequality as (n + k — a)q — 1 > 



V? 

.JUT) 

1/5 
1/5 
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Case# 2: If (n + k — a)q + /3 — k — 1 > then, making the change of 
variable v = r + 1 we get by Hardy's inequality, as k — /3 > 0, 

(/) < (k — f3) 1 / q ~ 1 ( / r*-^/ t( n+fc - a )' + ^- fc - 1 |«( n+fc )(x,t + r)|«dt)dr) 1/5 

/"CO /*+00 

< {k- (3) 1/q ' l ( J r k -P- l (J {r + t^-^+P-^u^Xx^t + r^dtjdr) 

/*00 f'-\-OG t 

= (k — /3) 1 / q ~ 1 [ / r k ~P- 1 ( v^ +k - a ^ +p - k - l \u^ +k \x lV )\ q dv)dr) 

JO J2r 
/•oo r+oo 

< (k — /3) 1 / q ~ 1 ( / r k -^ 1 ( s ( - n+k - a 1 q+ P- k - 1 \u( n+k \x,s)\ q ds)dr) 

Jo Jr 

< 1 ( /■°°( a «+*-«| u («+*)(x, S )|) 9 -) 1/9 . 
k — P Jo s 

Thus in both cases, we have 

(/) < C( /°°( S " +fe - Q |u( n+fe )(x, S )|) 9 -) 1/9 . 
Jo s 

As r k ~^~ x < t k ~ /3 ~ 1 for r > i, since fe — /3 — 1 < 0, and taking the change 
of variable v = t + r, 

poo y+OO Ij. 

(II) < C( +*-«-! / | u (™+fc)( X)t + r )| (ir )^) 1 /9 

= c( r (t n+k - a ~ i r°° \u { - n+k \x, s )\ds) q -) i,q 

JO J2t t 

f'OO /*+oo 
< C( t(n+fc-«-l) 9 -l( / |„(«+fe)( x , s )|d S )^) 1/9 , 

Jo Jt 
then, by Hardy's inequality 

(") s _ nE £_ l(j (-(W|.(««)(,,.)i)^)'/. 

Therefore, 

<C\\( l°° (t n -( a -V f + °° r'-^lu^i-^ + r)\dr) q -) 1/q \\ p 
Jo Jo t 

(2.12) < C\\( (s n+k - a \u^ k \;s)\) q ^) 1/q \\ pn 
Jo s 

<C\\f\\F p « q . 

Therefore, D 13 f e F^~\ ld ) and moreover, 

\\D^\\ K - P < C\\f\\ F « q . 

□ 
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Finally, the following result extends Theorem 2.4 to the general case < 
j3 < a, 

Theorem 2.6. Let < (3 < a, 1 < p < oo and 1 < q < oo, then T>@ is 
bounded from FpJ'jd) into F^q (id)- 

Proof. Let / 6 Fp t q{ld) and v(x,r) = e~ r u(x,r), using Lemma [2.41 and 
Leibnitz's differentiation rule for the product 



i r+oo i />+oo 

\Wf(x)\ < - s-P- 1 \(e- s P s -I) k f(x)\ds = - s-P-^Mx,-),^ 

c i3 Jo C I3 Jo 

< C,J' + °° r k -^(x,r)\^ <C, <k (j2( k ) [ +0 ° r k -e e -r\u^\x,r)\^) 
Jo r j=0 \]J Jo r 

= C,, k (J2( k ) f +CC >-^-> (fc - j W)|-) +C,J +OC r k ^e- r \u(x,r)\^ 

s-n \JJ Jo r JO r 



then 



' J ' ■ dr„ x „ „ f +0 ° , a , s ,dr 



!,.-) +C J 8,fc|| / ^ r |n(-,r)| — n Pi7 



ll^/IU < ^(^Q)||^ +0 °r^|^-)(,r)| 

j=o ^° r ^° 

< ^(EHll /^r*-i-^|«(*-%r)|-|U 7 ) + Cfo||/|| lvy r(*- j S) 
j=o \3J Jo r 

because i*^* 9 (7d) C i*T i 3 '(7d), as a > /? > /? — j > 0, for j = 0, A; — 1 and 
<7>1. 

On the other hand, let n G N, n > a and w(x,t) = e~ t u (jl \x,t), by 
Lemma 12.41 we get 

I— P t (^/)(x)| < -j^ .-"- 1 |A*(«;(x,.),t)|cl« 

/•+00 

< f?Cf, )k / s^l/l^t + sjlds. 
•/ 

Now, by Leibnitz rule, u/ fc )(x,r) = ^ ( ^ J (— l) jf e~ r u ( - fc+n_J ' l (x, r) and then 
|u» (fc) (x,r)| < ( k \- r \u {k+n ~ j \x,r)\, 

i— n \J/ 
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for all r > 0. Thus 

k 



I — 



1 /JA /- + 00 



3=0 

Therefore, 



JTjJ \J/ JO JO * 

For < j < k — 1, we have /3 — j > (3 — (A; — 1) > using the same argument 
as in the proof of Theorem 12.51 see (|2.12p . using Hardy's inequality we get 



"-I"-® /" +M a fc -J-^- 1 e-'|«^-^(x. J t + a )|cfa) 5 -) 1/9 ||p l7 < C 



OO f + OO 

s 1 --'- 1 l --i , - l c-\,, u '-+"->U.r:t +*)\<1*Y''- 

for < j < k - 1. 

Unfortunately the remaining case j = k requires and special argument, that 
uses the following known estimate for the Poisson-Hermite semigroup 

(2-13) \^P t f(x)\<CT*f(x)r n , 

where T*f is the maximal function of the Ornstein-Uhlenbeck semigroup. 
The proof of this estimate can be found in |10j . Lemma 2.1. 

[ +0 ° s k -P- l e- s \ U W(;t + s)\ds) q -) l/q 
Vn i 



pa 

P,1 



Jo Jo t 

+c{ r / ,+oo a fc -^- i e -*i«w( a! ,t+ S )icfe) , -) i/ « 

Jo Vt * 

We consider first the case k < a. The term (I) is estimated as term (I) in 
the proof of Theorem 12.51 



(!) < C(^°° (v n -^\u^(x,v)\) q ^) 1/q . 
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Since /3 > k — 1, making the change of variable v = t + s we get 

roo r+oo 
(II) < C{ t (n+k-a-l)q-l( \ U ^(x,t + s)\ds) q dt) 1/q 

Jo Jt 

f'OG f'-\-OQ 

= C( / t («+fc-o-i) ff -i( / \ u <ri(x,r)\dr) q dt) 1/q 

JO J2t 
roo r+oo 
< C( t (n+k-a-l) ff -l( / ^("J^rJIdr)'^) 
J A 

Therefore, by Hardy's inequality (jl.30p . 

Next consider the case k > a. In this case, using inequality (|2.13p and 
Hardy's inequality (jl.29p . we have 

poo ft 

(I) < C n \T*f(x)\( / r^-^- l ( / s k -P- 1 e- s ds) q dt) l/q 



1 f 

< C n \T*f(x)\ -( / S ( k - a ^- 1 e- s<1 ds) 1/g 

a - p Vo 

= ^T*f( X )\ {a _^ qk _ Q (r((k-a) q )^. 



On the other hand 
■i 



(II) < (I t("+k-«-i>«-i( / e - s \u^(x,t + s)\ds) q dt) 1/q 
Jo Jt 

roo r+oo 

+ ( / / e- s |nW(x,t + S )|d S )^) 1/9 



= (///) + (/y). 

By the usual argument using the change of variable v = t + s and Hardy's 
inequality (|l,30p . we get 

nl r+oo 

(III) < ( t^ n -^- l ( \u^(x,t + s)\ds) q dt) l/q 

Jo Jt 

roo r+oo 

< ( i("-l)9-l(/ \u^(x,t + s)\ds) q dt) 1/q 



< (/ |«W(x,r)|dr) 9 dt) 1/9 



< - 

n 
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Finally using again inequality (j2. 13H . we get 



(IV) < ( / t(»H-*-a-l)9-l| 
Jl 

r oo 



e- s C n \T*f(x)\t- n ds) g dt) 



(fc-a-l)g-l. 



/oo 

/oo 
i( fc - a - 1 ^- 1 dt) 1/9 = C n |T*/(x) 



1 



,1/9 



Hence, in both cases, we get that 



,n-(a- 







<dt n 



(a + 1 - 



oo, 



as / 6 Fp q (ld)- Therefore, X>^/ G i 7 ^ (7d) and moreover, 



l^/IU-* < c||/|U . 



□ 



Observation Let us observe that if instead of considering the Ornstein- 
Uhlenbeck operator (jl.2p and the Poisson-Hermite semigroup (|1.7|) we con- 
sider the Laguerre differential operator in Ml , 



(2.14) 



+ («» + !- Xj) 



and the corresponding Poiss on- Laguerre semigroup, or if we consider the 
Jacobi differential operator in (— 1, 



(2.15) £ a '" 



£ 

i=i 



d 

oid ~ («i + fa + 2) ^i)^: 



and the corresponding Poisson- Jacobi semigroup (for details we refer to 
[IB]), the arguments are completely analogous. That is to say, we can de- 
fined in analogous manner Laguerre- Triebel-Lizorkin spaces, and Jacobi- 
Triebel-Lizorkin spaces then prove that the corresponding notions of Frac- 
tional Integrals and Fractional Derivatives behave similarly. In order to see 
this it is more convenient to use the representation (jl.7p of Pt in terms of 

the one-sided stable measure /j.^ 2 \ds), see [ID] . 
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